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Using the nonequilibrium Green’s function combined with the density functional theory, we investigate the
dynamic conductance of atomic wires consisting 4–9 carbon atoms in contact with two Al�100� electrodes. Our
numerical results show that in addition to the dc conductance, both the real part and imaginary part of dynamic
conductance show oscillatory behaviors for even-odd number of carbon atoms at low frequencies. Interestingly,
the dynamic part of the ac conductance depends only on the parity of the number of carbon atoms n, i.e.,
whether n is even or odd. These oscillations of dynamic conduction can be understood by analyzing the
average transmission coefficient Tav and the global density of states.
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I. INTRODUCTION

As the ultimate limit of the miniaturization of electrical
conductors, atomic-wire based tunneling junction has been
considered as a basic building block of nanodevices. Apart
from possible technological applications such as intercon-
nects in molecular electronics,1–3 atomic-wire structures are
also interesting from the scientific point of view since much
physical insight can be obtained in understanding electron
transport in nanometer scales.4–8 For instance, using the
Lippmann-Schwinger equation coupled with density func-
tional theory �DFT�, Lang4 calculated the conductance of
atomic carbon wires and predicted negative differential resis-
tance in the tunneling regime. By combining DFT with the
solution of three-dimensional quantum-scattering problem,
quantized conductance was observed for Al and Si wires
consisting of two or more atoms.5,6

One of the interesting features of transport in atomic-wire
structures is the oscillatory behaviors of transport properties,
such as dc conductance,9–13 thermopower and
thermoconductance,14 against the even-odd number of atoms
in the scattering region. For instance, Lang et al.13 predicted
the conductance oscillation against the even-odd carbon at-
oms and explained the physical origin by analyzing the oc-
cupation states of � electrons in the conduction bands and
valance bands.13 Due to the charge transfer, it was found that
thermopower and thermoconductance of Al-Cn-Al structures
also exhibit oscillatory behaviors14 against the even-odd
number of carbon atoms. Using STM and the mechanically
controlled break junctions, the even-odd oscillations of dc
conductance for Au, Pt, and Ir have been confirmed experi-
mentally suggesting it to be a universal feature of atomic
wires.15 So far all the investigations on atomic wires are
limited to the dc conductance, less attention is focused on the
ac conductance.16 It would be interesting to know whether
the dynamic conductance has similar oscillatory behavior as
that of dc conductance. In the presence of ac field, the system
is out of equilibrium. Due to the charge accumulation in the
scattering region, the particle current alone is not a conserved
quantity. The displacement current due to the long-range
Coulomb interaction has to be included.17–19 In this paper we

present the first-principles calculation of the dynamic con-
ductance G��� of Al-Cn-Al structures. We found that in ad-
dition to the dc conductance Gdc, the real part and imaginary
part of dynamic conductance, also show the even-odd oscil-
lations against the number of carbon atoms. Remarkably, the
dynamic part of ac conductance G���-Gdc depends only on
the parity of the number of carbon atoms, i.e., whether n is
even or odd, at low frequencies up to terahertz range. Intu-
itively, if a system is highly transmissive with a large trans-
mission coefficient, it behaves like an inductor and the dy-
namic response is inductivelike. On the other hand if a
system does not conduct well with small transmission coef-
ficient, it behaves like a capacitor and shows a capacitivelike
behavior under ac bias. For Al-Cn-Al structures, our results
show that although the total transmission coefficients are
larger than one, all the carbon chains exhibit capacitivelike
behaviors. Our results indicate that it is the averaged trans-
mission coefficient20 Tav that determines the dynamic re-
sponse of the system and Tav’s are much smaller than one.

II. THEORETICAL FORMALISM

Figure 1 depicts the schematic Al-Cn-Al structure that we
considered in this paper. The system consists of a short car-
bon chain Cn that is in contact with electron reservoirs
through two semi-infinite Al electrodes. The unit cell of the

FIG. 1. �Color online� The schematic structure of Al-C6-Al sys-
tem. An atomic wire with six carbon atoms is sandwiched between
two semi-infinite atomic Al electrodes. The Al electrodes extend to
�� along �100� direction where the electric current is collected.
The center box denotes the simulation region in the NEGF+DFT
method.
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semi-infinite Al electrodes contains 18 atoms with a cross
section along �100� direction. In our calculation, we have
varied the number of carbon atoms from four to nine while
fixing the configuration of Al atomic electrodes. The distance
between the neighboring carbon atoms is equal to 2.5 a.u and
between the end carbon atom and the Al electrode is equal to
3.78 a.u. These distances as well as the entire device struc-
ture are determined in dc condition and may be relaxed fur-
ther under ac condition. This should in principle be deter-
mined under the ac transport condition self-consistently.
However, how to calculate quantum-mechanical forces under
an ac current flow is still an unsolved problem.21 Since we
are interested in the dynamic conductance at small bias, the
effect of current on atomic structure is small. We therefore
neglect this piece of physics as an approximation for our
model analysis and use similar data used in Ref. 9. However,
the Coulomb interaction induced by ac current will be in-
cluded implicitly �see discussion below�.

In order to calculate the dynamic conductance of atomic
carbon chains, we use state-of-the-art first-principles quan-
tum transport package MATDCAL22,23 where DFT is carried
out within the formalism of the Keldysh nonequilibrium
Green’s function �NEGF�. In our calculation, a linear com-
bination of the atomic orbitals �LCAO� basis set24 is em-
ployed to solve the Kohn-Sham �KS� equations numerically.
The exchange-correlation is treated at the LDA level and a
nonlocal norm conserving pseudopotential25 is used to define
the atomic core. The atomic structure and system Hamil-
tonian are determined by DFT, and the nonequilibrium trans-
port properties are determined by NEGF. Real space numeri-
cal techniques are used to deal with the transport boundary
conditions under external bias. The basic principle and prac-
tical implementation of the NEGF-DFT formalism can be
found in Ref. 26. In our calculation, the NEGF-DFT self-
consistency was carried out until the numerical tolerance is
less than 10−4.

The dynamic conductance of the system is evaluated us-
ing the following expression, which is derived using
NEGF:19

G����� = G��
c ��� − G�

d���
�	

G�	
c ���

�	
G	

d���
, �1�

where the subscripts � , � and 	=L or R label Al electrodes.
Here G��

c is the dynamic conductance due to the particle
current and G�

d is the contribution from the displacement
current, which are all frequency dependent. Equation �1� is a
general expression of dynamic response which is suitable for
a variety of systems near or far from equilibrium. In the
wideband limit where the self-energy is not very sensitive to
the energy, the particle conductance G��

c ��� can be ex-
pressed as �
=1�,19

G��
c ��� = −� dE

2�

f − f̄

�
Tr�− Ḡ0

r��G0
a�� + Ḡ0

r�G0
a�����

− i�Ḡ0
rG0

a������ , �2�

where G0
r is the equilibrium Green’s function and Ḡ0

r

=G0
r�E+��; �� is the linewidth function which describes the

coupling strength between the � lead and the scattering re-
gion and is related to the imaginary part of the self-energy

function of semi-infinite electrode; f and f̄ = f�E+�� are the
Fermi distribution functions; The displacement current G�

d is
defined as19

G�
d = − q�� dE

2�
Tr�ḡ�

� , �3�

where −iqḡ�
=qḠ0

r��G0
a�f − f̄� /� is the nonequilibrium

charge distribution in the scattering region due to the ac field.
This term is essential to ensure the current conservation and
gauge invariance, i.e., ��G��=0 �current conserving� and
��G��=0 �gauge invariance�.

To see why the second term in Eq. �1� corresponds to the
contribution from Coulomb interaction, we define the par-
ticle current I�

c ���=��G��
c ���v�. It is easy to show that

�
�

I�
c ��� = i�Q��� , �4�

where i�Q���=��G�
d corresponds to the ac charge accumu-

lation in the scattering region. This charge is related to the
displacement field D of the internal Coulomb potential via
Poisson equation,18

� · D�r,�� = 4���r,��

or

�E��� = 4�Q��� ,

where �E���=�ds ·D�r ,�� is the electric flux and Q
=���r�dr is the total charge accumulation inside the scatter-
ing region. According to the classical physics the displace-
ment current is defined as

Id�t� =
1

4�

d�E�t�
dt

or

Id��� = −
i�

4�
�E��� = − i�Q���

in Fourier space. Hence the time derivative of the pile-up
charge is the total displacement current: ��I�

d =dQ /dt. Equa-
tion �1� has partitioned the total displacement current into
each lead using the requirement of current conserving and
gauge-invariant condition.17,19

In the low-frequency limit, the dynamic conductance in
Eq. �1� can be expanded in terms of frequency � as
following:27

G����� = G0,�� − i�E�� + �2K�� + O��3� , �5�

where G0,�� is the dc conductance; E�� is called emittance
and characterizes the phase difference between the current
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and voltage at low frequency; K�� describes the low-
frequency dynamic dissipation. In terms of partial density of
states �DOS�,18 emittance is defined as

E�� = Tr�dn��

dE
	 −

Tr�dn�/dE�Tr�dn�/dE�
Tr�dn/dE�

, �6�

where dn�� /dE is the partial density of states defined as28

dn��

dE
=

1

2�
Re�����Gr��Gr� + i�Gr��Ga��Gr�� . �7�

Here dn� /dE=��dn�� /dE is the injectivity describing the
local DOS when an incoming electron is injected from the �
electrode and dn /dE=��dn� /dE is the total local DOS. In
the case of single-channel transmission, the sign of E�� de-
termines the dynamic response of the system �either capaci-
tivelike or inductivelike�. For instance, if E11 is positive, the
system shows capacitivelike behavior and while for the
negative E11 the system behaves inductivelike.18 For emit-
tance, the current conserving and gauge-invariant conditions
are also satisfied, i.e., ��E��=0 and ��E��=0. Hence for a
two-probe system, we have E11=−E12.

III. NUMERICAL RESULTS

Using Eq. �1�, we calculated the dynamic conductance
G�� of Al-Cn-Al structures as a function of frequency. The
inset of Fig. 2 shows the real part GR of dynamic conduc-
tance with GR
Re�G11�. At frequencies up to 500 GHz, dy-
namic conductance GR is almost a constant equal to the dc
conductance �we will get back to this later on�. Note that GR
for atomic wires with even atoms �red curves� is smaller than
that with odd atoms �blue curves� and therefore oscillates
against the number n, which is consistent with the calcula-
tion of dc conductance.9,13 The main panel of Fig. 2 shows
the imaginary part GI of dynamic conductance as a function
of frequency for different number of carbon atoms n. For
both even and odd carbon wires, GI’s are negative and de-

crease linearly in frequency with a larger decreasing rate for
even number carbon wires than that of odd number carbon
wires. Importantly, it shows that the imaginary part of dy-
namic conductance depends approximately only on the parity
of n �the number of carbon atoms� and approximately obeys
a linear relation up to 500 GHz,

GI��� = − a� , �8�

where a is a constant and assumes only two values for even
or odd number of carbon atoms.

At relatively low frequencies such as 500 GHz �corre-
sponds to 13 meV�, the imaginary part of the dynamical
conductance is largely contributed by the emittance. The lin-
ear decrease in GI from zero to a negative value corresponds
to a positive E11 according to Eq. �5�. To see the behavior of
the imaginary part of dynamic conductance GI at a larger
frequency, we plot in Fig. 3 GI versus frequency for different
number of carbon atoms.29 Since GI of all even �or odd�
number of carbon atoms collapses into one curve, we have
shown GI in Fig. 3 only for n=4,5. For comparison, we also
depict emittance E12=−E11 calculated using Eq. �6�. As ex-
pected, at small frequencies GI is very close to �E12 for both
even and odd carbon atoms. While for a larger frequency, GI
is larger than �E12 due to the contribution from O��n� terms
�n�2�.

The oscillatory behaviors in Fig. 3 against the even-odd
number of carbon atoms can be understood qualitatively as
follows. Considering a symmetric system with only one
transmission channel, the emittance is given by

E11 =
dN11

dE
−

1

4

dN

dE
= −

1

4
�2T − 1�

dN

dE
, �9�

where T is the transmission coefficient, dN� /dE
=Tr�dn� /dE�, and we have used the fact that dN1 /dE
=dN2 /dE for the symmetric system. Hence the sign of the
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FIG. 2. �Color online� Imaginary part of dynamic conductance
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emittance is solely determined by the transmission coeffi-
cient T for a single transmission channel. While for a multi-
channel case, we have similar expression of the emittance
except that T should be replaced with Tav,

E11 = −
1

4
�2Tav − 1�

dN

dE
, �10�

where Tav is the average transmission coefficient defined as20

Tav =
�n

Tn�n

Tr�dn/dE�
. �11�

Here Tn is the nth eigenvalue of the transmission matrix T
=�LGr�RGa with the corresponding eigenfunction �n, and �n
is the effective projection of dn /dE onto �n.30 From Eq.
�10�, we see that it is the averaged transmission coefficient
Tav along with DOS determines the properties of emittance.
If Tav�1 /2, then E110 and the system shows inductivelike
behavior and otherwise capacitivelike. Note that in general
we have Tav�T. Therefore, for a multichannel transmission,
E11 can be positive even though T is larger than 1/2. For all
Al-Cn-Al structures, there are seven transmission channels
for incoming electron at Fermi level. Due to the quantum
interference between the carbon chain and Al electrodes,
there are only two degenerating channels �over 95%� domi-
nate the transport at Fermi level. For example, when the
number of carbon atoms n=4, the dominating transmission
coefficients are T1=T2=0.396, with �1=�2=40.3; while for
n=5, T1=T2=0.810, and �1=�2=46.7. Using Eq. �11�, Tav is
calculated and shown in Fig. 4 against the number of carbon
atoms. Since the oscillation of Tav is determined by the os-
cillation of Tn and �n, we have also plotted T1 and �1 vs the
number of carbon atoms in the insets of Fig. 4. We found the
averaged transmission coefficients Tav are much smaller than
1/2 for both even and odd number of carbon atoms although
the total transmission coefficients T for all the carbon wires
are larger than 1/2. Therefore, E11’s are positive for all the
carbon atomic-wire systems exhibiting capacitivelike behav-
iors. From insets of Fig. 3 we see that T1 and �1 oscillate
with similar pattern as that of dc conductance of carbon
chains. Since there are only two degenerate channels domi-

nating the transport in carbon chains, we rewrite Eq. �10� as

E11 = − T1�1 + 1/4. �12�

Since the oscillation amplitude of �1 is much smaller than
that of T1, we conclude that the oscillation of E11 or GI at
low frequencies is mainly determined by the oscillation of dc
conductance whose mechanism has been explained in detail
by Lang.4

In order to further analyze the dynamic conductance, we
plot GR-Gdc as a function of frequency for different n in Fig.
5, where Gdc is the dc conductance. Different from the linear
variation of GI, GR-Gdc shows quadratic dependence on
frequencies. This is reasonable because GR-Gdc is propor-
tional to �2 according to Eq. �5� when neglecting the
O��n��n�4� terms. Figure 5 shows that the increasing rate
of GR-Gdc for the even number of carbon atoms is a little
larger than that for the odd number of carbon atoms. In low
frequencies, the oscillation of GR-Gdc against the even-odd
number of carbon atoms corresponds to the oscillation of
dynamic dissipation K12. Since there is no general relation
between transmission coefficient �or DOS� and K12, it is dif-
ficult to understand the oscillation of K12 from behaviors of
transmission coefficient or DOS. However, if the transmis-
sion coefficient assumes Breit-Wigner form, K12 can be ex-
pressed according to Eqs. �1� and �7� �Ref. 31�:

K12 =
�2�

3
�dN

dE
�3

−
2�3

�
�dN

dE
�2

, �13�

where dN /dE is given by

dN

dE
=

1

2�

�

��E�2 + ��/2�2 �14�

that is shown in the inset of Fig. 5. Since DOS has even-odd
oscillation, it is understandable that K12 shows similar behav-
ior.
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FIG. 4. �Color online� Tav versus the number of carbon atoms of
Al-Cn-Al structure. Inset 1: T1 versus the number of carbon atoms.
Inset 2: �1 versus the number of carbon atoms.

0 10 20 30 40 50
−0.02

0

0.02

0.04

0.06

0.08

0.1

G
R

−
G

dc
(2

e2 /h
)

frequency ω(THz)

−0.01 −0.005 0 0.005 0.01

380

400

420

energy(eV)

dN
/d

E

C4
C5
C6
C7
C8
C9

FIG. 5. �Color online� Real part of G11��� subtracted by dc
conductance, GR-Gdc, versus the number of carbon atoms of
Al-Cn-Al structure. Here the symbols are the same as in Fig. 2. Inset
shows the corresponding DOS.

WANG et al. PHYSICAL REVIEW B 79, 155117 �2009�

155117-4



Physically, the behaviors of GI and GR-Gdc at small fre-
quency can be understood qualitatively from a classical cir-
cuit model.32 Classically, the dynamic conductance can be
described as a R-L circuit if the system shows inductivelike
behavior,

GRL��� =
1

R
+ i

�L

R2 −
�2L2

R3 . �15�

While if the system behaves capacitivelike the system can be
modeled as a R-C circuit with the dynamic conductance,

GRC��� = − i�C + �2C2R . �16�

For a R-L circuit, the real part of GRL decrease when the
frequency is switched on. In addition, a positive imaginary
part means that the voltage follows the current. While for a
R-C circuit, the real part of dynamic conductance increases
as we increase frequency and a negative imaginary part in-
dicates the fact that the current follows the voltage. Obvi-
ously, our result for Al-Cn-Al structures is consistent with the
behavior of R-C circuit for both even and odd n at low fre-
quencies.

In the above discussion, we see that the atomic wire in the
scattering region plays a major role in the conductance os-
cillation. Hence our result for carbon wires should remain for

other electrodes such as Au. We also expect that our result
applies to other atomic wires in the scattering region such as
Na, Cs, Cu, Ag, and Au where even-odd oscillation for dc
conductance was observed.33 However, we think our result
may not apply to Al wire in the scattering region since for Al
wire four-atom period oscillation was found.34

In summary, we have calculated the dynamic
conductance of Al-Cn-Al structures using the first-principles
NEGF+DFT method. We found that at low frequencies, the
dynamic conductance �both real and imaginary parts� oscil-
lates for even-odd number of carbon atoms. In addition, the
frequency dependent part of the dynamic conductance
G���-Gdc depends only on the parity of the number of car-
bon atoms. Although the systems of carbon chain are quite
transmissive with total transmission coefficient larger than
1/2, the emittance E11 are all positive indicating capacitive-
like behaviors. This is because when there are more than one
transmission channels at the Fermi level as the case we stud-
ied here, it is the average transmission Tav that determines
the response of the dynamic systems.
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